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Abstract Assuming a general constitutive relation for the turbulent stresses in terms of the local
large-scale velocity gradient, we constructed a class of subgrid-scale models for large-eddy simulation
that are consistent with important physical and mathematical properties. In particular, they preserve
symmetries of the Navier-Stokes equations and exhibit the proper near-wall scaling. They furthermore
show desirable dissipation behavior and are capable of describing nondissipative effects. We provided
examples of such physically-consistent models and showed that existing subgrid-scale models do not
all satisfy the desired properties.
1 Introduction
It is well known that the governing equations of fluid dynamics, the Navier-Stokes equations, are form
invariant under certain transformations, such as instantaneous rotations of the coordinate system
and the Galilean transformation [1]. These transformations, also referred to as symmetries of the
equations, play an important physical role, because they ensure that the description of fluids is the
same in all inertial frames of reference. Furthermore, they relate to conservation and scaling laws [2].
It has since long been realized that it is desirable that the basic equations of large-eddy simulation,
which are used to obtain information about the large-scale behavior of turbulent flows, also satisfy
these physical principles. Speziale [3] was the first to emphasize the importance of Galilean invariance
of subgrid-scale models for large-eddy simulation. Later, Oberlack [4] formulated requirements to
make subgrid-scale models compatible with all the symmetries of the Navier-Stokes equations. Besides
preserving the symmetries of the underlying equations, it is desirable that subgrid-scale models have
the same basic properties as the turbulent stresses, such as the observed near-wall scaling [5] and the
dissipation behavior [6].
In the current work we aim to construct subgrid-scale models that preserve these and other exact
properties of the Navier-Stokes equations and the turbulent stresses. As starting point, we assume a
general class of models based on the local large-scale velocity gradient [7, 8]. Aside from offering a
framework for subgrid-scale models, it allows us to go beyond the purely dissipative description of
turbulent flows that is typically provided by eddy viscosity models. We will look to set the model
coefficients in such a way that the desired properties are satisfied.
The outline of this paper is as follows. The class of nonlinear subgrid-scale models of [7, 8] is
introduced in Section 2, where it is also reduced to a set of independent terms. In Section 3 we
discuss several properties of the Navier-Stokes equations and the turbulent stresses, as well as the
resulting requirements for the form of subgrid-scale models. In particular, we obtain constraints on
the coefficients of the class of nonlinear models of Section 2. An analysis of properties of existing
subgrid-scale models is performed in Section 4, after which, in Section 5, we provide examples of
physically-consistent models that arise when said requirements are applied to constrain the class of
nonlinear models. Finally, Section 6 consists of concluding remarks and suggestions for future work.
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2 General nonlinear subgrid-scale models
Large-eddy simulation is aimed at predicting the large-scale behavior of turbulent flows. To distinguish
between large and small scales of motion, usually a filtering or coarse-graining operation is used,
indicated by an overbar, here. The evolution of the large-scale velocity field is governed by the filtered
Navier-Stokes equations, [9]
Bsui
Bxi “ 0,
Bsui
Bt ` suj BsuiBxj “ ´1ρ BspBxi ` ν B
2sui
BxjBxj ´
B
Bxj τij . (1)
Here, the turbulent or subgrid-scale stresses, τij “ Ěuiuj ´ suisuj , represent the interactions between
large and small scales of motion. Following [7, 8], we will assume they can be modeled using the
following constitutive relation, based only on the local filtered velocity gradient,
τmodij “ fpsSkl, sΩklq, (2)
where the filtered rate-of-strain and rate-of-rotation tensors are given by
sSij “ 12
ˆ Bsui
Bxj `
Bsuj
Bxi
˙
, sΩij “ 12
ˆ Bsui
Bxj ´
Bsuj
Bxi
˙
. (3)
In anticipation of Section 3, we will further assume that the relation of Eq. (2) is isotropic, i.e.,
independent of the angle of observation. As a consequence, the subgrid-scale stress model can consist
of all terms of the form sSm1 sΩn1 sSm2 sΩn2 . . ., where ni, mi are positive integers. The Cayley-Hamilton
theorem of matrix algebra allows for a reduction to a finite number of model terms [10, 11, 12].
Symmetrizing the result, we obtain [7, 8]
T0 “ I, T4 “ sSsΩ´ sΩsS, T8 “ sSsΩsS2 ´ sS2sΩsS,
T1 “ sS, T5 “ sS2sΩ´ sΩsS2, T9 “ sS2sΩ2 ` sΩ2 sS2,
T2 “ sS2, T6 “ sSsΩ2 ` sΩ2 sS, T10 “ sΩsS2sΩ2 ´ sΩ2 sS2sΩ.
T3 “ sΩ2, T7 “ sΩsSsΩ2 ´ sΩ2 sSsΩ,
(4)
A general class of subgrid-scale models arises from a sum of the above terms, each multiplied by a
coefficient that, by the assumptions of Eq. (2) and isotropy, can depend only on the following tensor
invariants [12],
I1 “ trpsS2q, I3 “ trpsS3q, I5 “ trpsS2sΩ2q,
I2 “ trpsΩ2q, I4 “ trpsSsΩ2q, I6 “ trpsS2sΩ2 sSsΩq. (5)
In practical tests, usually a smaller number of model terms is used, cf. for instance [13, 14]. For
an extensive review of the use of these and similar nonlinear models in the RANS community,
refer to [15]. Rather than discarding any model terms on beforehand, we propose to systematically
find the independent contributions using the Gram-Schmidt orthogonalization procedure. Denoting
orthogonalized tensors with a prime, we find
T 10 “ I, T 13 “ sΩ2 ´ I23 I ´ I4I1 sS ´ I5 ´
I1I2
3 ´ I3I4I1
I21
6 ´ I
2
3
I1
T 12,
T 11 “ sS, T 15 “ sS2sΩ´ sΩsS2 ´ ´I1I4 ´ I2I3I1I2 ´ 6I5 psSsΩ´ sΩsSq,
T 12 “ sS2 ´ I13 I ´ I3I1 sS, T 16 “ sSsΩ2 ` sΩ2 sS ´ 2I43 I ´ 2I5I1 sS ´
I2I4
3 ´ 2I4I5I1
I22
6 ´ I
2
4
I1
T 13,
T 14 “ sSsΩ´ sΩsS, T 17 “ sΩsSsΩ2 ´ sΩ2 sSsΩ´ ´I1I22 ` 4I2I5 ` 2I24I1I2 ´ 6I5 psSsΩ´ sΩsSq.
(6)
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Note that the expressions for T 16 and T 17 are valid only in case of an axisymmetric strain, i.e., when
T 12 “ T 15 “ 0. Otherwise they have to be replaced by zero. The orthogonalized tensors T 18 to T 110 are
always zero. Eq. (2) and the condition of isotropy thus provide a general class of nonlinear models,
τmod “
7ÿ
i“0
α1iT 1i , α1i “ α1ipI1, I2, . . . , I6q. (7)
Its main advantage over formulations based on the original tensors, Eq. (4), is that it consists of
independent terms that, thus, represent distinct physical processes. For instance, only T 11 relates to
dissipation. The other terms allow for a description of nondissipative processes. Eq. (7) represents a
class of models, because the model coefficients are isotropic but otherwise undetermined. In the next
section we will therefore discuss several model requirements and determine how these can be satisfied
by setting the explicit dependence of the model coefficients on the tensor invariants of Eq. (5).
3 Model constraints
As was alluded to in Section 1, the Navier-Stokes equations and the subgrid-scale stresses have several
interesting physical and mathematical properties. To make sure that related special properties of
solutions are preserved, it is desirable that the equations of large-eddy simulation, Eq. (1) with a
subgrid-scale model replacing the turbulent stresses, satisfy the same principles. In Section 3.1 we
will therefore consider the invariance properties of the Navier-Stokes equations, whereas Section 3.2
discusses the near-wall scaling behavior of the subgrid-scale stresses. Constraints on the production
of subgrid-scale kinetic energy in turbulent flows are the topic of Section 3.3. They lead to several
requirements on the form of subgrid-scale models in general, that are subsequently applied to the class
of nonlinear models of the previous section.
3.1 Symmetry requirements
The unfiltered Navier-Stokes equations are invariant under the following transformations [1, 2, 4, 16]:
S1: pt, xi, ui, p, νq Ñ pt` T, xi, ui, p, νq, (8)
S2: pt, xi, ui, p, νq Ñ pt, xi, ui, p` P ptq, νq, (9)
S3: pt, xi, ui, p, νq Ñ pt, xi `Xiptq, ui ` 9Xiptq, p´ ρxi :Xiptq, νq, (10)
S4: pt, xi, ui, p, νq Ñ pt, Qijxj , Qijuj , p, νq, (11)
S5: pt, xi, ui, p, νq Ñ pe2at, ea`bxi, e´a`bui, e´2a`2bp, e2bνq, (12)
S6: pt, xi, ui, p, νq Ñ pt, Rijptqxj , Rijptquj ` 9Rijptqxj , p` 12ρω23px21 ` x22q ` 2ρω3ψ, νq. (13)
In the limit of an inviscid flow, ν Ñ 0, the equations allow for an additional symmetry [16]:
S7: pt, xi, ui, pq Ñ p´t, xi,´ui, pq. (14)
In the time (S1) and pressure (S2) translations, T and P ptq indicate an arbitrary time shift and a time
variation of the (background) pressure, respectively. The generalized Galilean transformation (S3)
encompasses the space translation for Xiptq constant, and the classical Galilean transformation
for Xiptq linear in time. Orthogonal transformations (S4) are represented by a time-independent
matrix Q with QikQjk “ δij , and describe instantaneous rotations and reflections of the coordinate
system. The scaling transformations (S5) are parametrized by real a and b. Two-dimensional material
frame-indifference (2D MFI, S6) represents a time-dependent but constant-in-rate rotation of the
coordinate system about the x3 axis, characterized by a rotation matrix Rptq with 9RikRjk “ 3ijω3,
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for constant ω3. Here, the flow is assumed to be confined to the x1 and x2 directions, and ψ represents
its two-dimensional stream function. The final transformation will be referred to as time reversal (S7).
We now require that each of the above symmetry transformations also applies to the filtered
Navier-Stokes equations, Eq. (1), with a subgrid-scale model in place of the turbulent stresses. It is
assumed that explicit filtering does not destroy symmetry properties. The requirements on the form
of subgrid-scale models that result from this [4] are summarized in the left-hand column of Table 1.
Application of these conditions to the class of nonlinear models of Eq. (7) leads to several constraints
on the form of the model coefficients, as shown in the middle column of the same table. The column
on the right may help in selecting the explicit functional dependence of the coefficients on the tensor
invariants, Eq. (5), by showing the transformation behavior of several quantities.
With reference to Table 1, we remark that time (S1), pressure (S2) and generalized Galilean (S3)
invariance are automatically satisfied by subgrid-scale models that are based on the filtered velocity
gradient alone and, thus, also by the class of nonlinear models of Eq. (7). Furthermore, these models
satisfy rotation and reflection invariance (S4) by construction (refer to Section 2).
Invariance under scaling transformations (S5), which relates to the appearance of wall and other
scaling laws, is not straightforwardly satisfied, because it requires an internal length scale. Neither the
velocity gradient, nor the externally-imposed large-eddy simulation filter length, sδ, can provide this [2,
4]. If the dynamic procedure [17] is used to determine the model constants, scale invariance is known
to be restored [2, 4]. Use of the dynamic procedure is beyond the scope of the current study, but let
us note that it relies on a second filtering operation, which may destroy some of the other symmetry
properties unless certain severe restrictions on the filter are fulfilled [2].
A peculiar symmetry of the Navier-Stokes equations is material frame-indifference in the limit of a
two-dimensional flow (2D MFI, S6). Despite its name, this is not a material but a frame invariance
property: as explained above, for two-dimensional flows, the Navier-Stokes equations hold in inertial
as well as in certain constantly-rotating frames. Although it seems unlikely that a turbulent flow
becomes two-dimensional as a whole, there is no reason this cannot occur locally. Consider the flow
near a wall, for instance. Therefore, two-dimensionality is interpreted as a local property throughout
this paper. Locally two-dimensional flows can be characterized by the following set of invariants.
I3 “ I4 “ I5 ´ 12I1I2 “ I6 “ 0. (15)
2D MFI provides rather restrictive constraints on the form of subgrid-scale models, although no
information can be obtained about model coefficients α15 to α17, because the corresponding tensors
vanish in locally two-dimensional flows.
As for reversibility (S7) of the turbulent stresses, application of the dynamic procedure [17] can, in
principle, ensure time reversal invariance [18], although, again, care has to be taken that none of the
other symmetries are broken by the test filter [2].
3.2 Near-wall scaling requirements
Using high-resolution numerical simulations, Chapman and Kuhn [5] have revealed the near-wall
scaling behavior of the turbulent stresses. They observed that, in the vicinity of a wall, the fluctuations
of the tangential velocity components show a linear scaling with the distance from that wall (denoted
x2 in this paper). The incompressibility constraint then leads to a quadratic scaling for the wall-normal
velocity fluctuations, so that the scaling behavior of the time-averaged turbulent stresses can be
derived. In what follows, we will require that modeled subgrid-scale stresses show the same near-wall
behavior, but then instantaneously. (Refer to property P1 in Table 1.) This ensures that, for instance,
dissipative effects fall off quickly enough near walls. A summary of the constraints on the coefficients
of the class of nonlinear models, Eq. (7), and of the behavior of a few selected quantities is provided
in Table 1, as well. Note that this principle provides no information about coefficients α16 and α17.
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Table 1: Summary of model requirements [4, 5, 16], the resulting constraints on the coefficients of
the class of nonlinear models, Eq. (7), and the behavior of a few selected quantities that may be
used to construct the model coefficients. The properties considered are S1, S2, S3: time, pressure
and generalized Galilean invariance; S4: rotation and reflection invariance; S5: scaling invariance;
S6: two-dimensional material frame-indifference; S7: time reversal invariance; and P1: near-wall scaling
behavior, Section 3.2. Note that property S6 assumes a flow that is locally two-dimensional, Eq. (15),
and that transformed variables are denoted with a hat.
Model requirement Coefficient constraints Selected quantities
S1-3 τˆmodij “ τmodij αˆi “ αi Iˆi “ Ii
S4 τˆmodij “ QimQjnτmodmn αˆi “ αi Iˆi “ Ii
S5 τˆmodij “ e´2a`2bτmodij αˆ10 “ e´2a`2bα10 Iˆ1 “ e´4aI1
αˆ11 “ e2bα11 Iˆ2 “ e´4aI2
αˆ12 “ e2a`2bα12 Iˆ3 “ e´6aI3
αˆ13 “ e2a`2bα13 Iˆ4 “ e´6aI4
αˆ14 “ e2a`2bα14 Iˆ5 “ e´8aI5
αˆ15 “ e4a`2bα15 Iˆ6 “ e´12aI6
αˆ16 “ e4a`2bα16 sˆδ “ sδ
αˆ17 “ e6a`2bα17
S6 For 2D flows: αˆ10 “ α10 Iˆ1 “ I1
τˆmodij “ RimRjnτmodmn αˆ11 “ α11 Iˆ2 ‰ I2
αˆ12 “ α12 Iˆ3 “ I3 “ 0
α10 “ 13I1α12 Iˆ4 “ I4 “ 0
αˆ13 “ α13 “ 0 when I1 “ 0 Iˆ5 ´ 12 Iˆ1Iˆ2 “ I5 ´ 12I1I2 “ 0
αˆ14 “ α14 “ 0 when I1 ‰ 0 Iˆ5{Iˆ2 “ I5{I2
Iˆ6 “ I6 “ 0
S7 τˆmodij “ τmodij αˆ10 “ α10 Iˆ1 “ I1
αˆ11 “ ´α11 Iˆ2 “ I2
αˆ12 “ α12 Iˆ3 “ ´I3
αˆ13 “ α13 Iˆ4 “ ´I4
αˆ14 “ α14 Iˆ5 “ I5
αˆ15 “ ´α15 Iˆ6 “ I6
αˆ16 “ ´α16
αˆ17 “ α17
P1 τmod11 “ Opx22q α10 “ Opx42q I1 “ Op1q
τmod12 “ Opx32q α11 “ Opx32q I2 “ Op1q
τmod13 “ Opx22q α12 “ Opx42q I3 “ Opx2q
τmod22 “ Opx42q α13 “ Opx22q I4 “ Opx2q
τmod23 “ Opx32q α14 “ Opx42q I5 “ Op1q
τmod33 “ Opx22q α15 “ Opx2q I6 “ Opx22q
I1 ` I2 “ Opx22q
I3 ` 3I4 “ Opx32q
I5 ´ 12I1I2 “ Opx22q
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3.3 Requirements relating to the production of subgrid-scale kinetic energy
In the current section we will look at energy transport in turbulent flows. In particular, we focus
on the transport of energy to small scales of motion, also referred to as production of subgrid-scale
kinetic energy or subgrid dissipation. Mathematically it is described by
Dτ “ ´ trpτ sSq. (16)
In what follows, several properties of the subgrid dissipation are discussed, resulting into requirements
for subgrid-scale models. By orthogonality of the terms of Eq. (7), we have
Dτmod “ ´ trpτmod sSq “ ´α11I1, (17)
so that only one model coefficient has to be tuned to parametrize dissipative effects in turbulent flows.
3.3.1 Vreman’s model requirements
Vreman [6] requires that the modeled production of subgrid-scale kinetic energy vanishes for flows for
which the actual production is known to be zero. Preferably, also the opposite is true, i.e., if for a
certain flow it is known that there is energy transport to subgrid scales, the model should cause the
same behavior. We can summarize Vreman’s model requirements in the following form:
P2a: Dτmod “ 0 when Dτ “ 0, (18)
P2b: Dτmod ‰ 0 when Dτ ‰ 0. (19)
To study the behavior of the subgrid dissipation, Vreman developed a classification of flows based on
the number and position of zero elements in the (unfiltered) velocity gradient tensor. A total of 320
flow types can be distinguished, corresponding to all incompressible velocity gradients having zero
to nine vanishing elements. Nonzero elements are left unspecified. Vreman shows that, for general
filters, there are only thirteen flow types for which Dτ always vanishes. He calls such flow types locally
laminar. Assuming an isotropic filter, we add another three flow classes. It can be shown that the
subgrid dissipation is not generally zero for any of the other 304 flow classes.
On the basis of this classification of flows, we can analyze what Vreman calls the flow algebra of
functionals of the velocity gradient, that is, the set of all flow types for which these functionals vanish.
A summary of the size of the flow algebra of different quantities is provided in Table 2. Results can be
compared to the desired outcome, as listed next to Dτ . Not a single quantity was found that shows
exactly the same behavior as the true subgrid dissipation. This contrasts with Vreman’s findings,
which is due to the fact that we assume the use of a filter that conforms to the symmetry properties of
the Navier-Stokes equations and, thus, is isotropic. Eddy-viscosity-type models that are constructed
using quantities that have a smaller flow algebra than the actual subgrid dissipation can be expected
to be too dissipative. On the other hand, a model based on a quantity that is zero more often than
Dτ , can be expected to be underly dissipative. Note that according to the current arguments locally
two-dimensional flows exist that have a nonzero production of subgrid-scale kinetic energy.
3.3.2 Nicoud et al. model requirements
A different line of reasoning is followed by Nicoud et al. [19], who argue that a two-dimensional flow
cannot be maintained if energy is transported to subgrid scales. They therefore see it as a desirable
property that the modeled subgrid dissipation vanishes for all two-dimensional flows (P3a) and for the
pure axisymmetric strain (P3b). The quantities I4, I6 and I5 ´ 12I1I2 satisfy both these properties.
It should be noted that properties P3a and P3b cannot be reconciled with Vreman’s model
requirement P2b. Apparently, the physical reasoning employed by Nicoud et al. [19] is not compatible
with the mathematical properties of the turbulent stress tensor that were discovered by Vreman [6].
For comparison we will, however, not exclude any requirements in what follows.
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3.3.3 Consistency with the second law of thermodynamics
In turbulent flows, energy can be transported from large to small scales (forward scatter) and vice
versa (backscatter). The second law of thermodynamics requires that the net transport of energy is
of the former type [2]. Considering the fact that both subgrid and viscous dissipation play a role in
large-eddy simulation, we need,
P4: Dτmod ě 2νDsS “ ´2νI1. (20)
In this context it is useful to note that I1, ´I2, ´I5 and I5 ´ 12I1I2 are all nonnegative quantities.
4 Analysis of existing subgrid-scale models
Before looking at examples of subgrid-scale models that satisfy the constraints discussed in the previous
section, let us first analyze the properties of existing models. A commonly used class of ‘eddy viscosity’
models arises when it is assumed that small-scale turbulent motions effectively cause diffusion of the
larger scales,
τmode ´ 13 trpτ
mod
e qI “ α11 sS “ ´2νe sS. (21)
Turbulence is described as an essentially dissipative process by these models. Examples of eddy
viscosity models, written using the tensor invariants of Eq. (5), are [6, 20, 21, 22, 23]
Smagorinsky: νSe “ pCSsδq2a2I1, (22)
WALE: νWe “ pCW sδq2 J3{2
I
5{2
1 ` J5{4
, where J “ 16pI1 ` I2q
2 ` 2pI5 ´ 12I1I2q, (23)
Vreman: νVe “ pCV sδq2cQGPG , (24)
QR: νQRe “ pCQRsδq2maxt0, I3uI1 , (25)
S3PQR: νS3e “ pCS3sδq2P pGQ´pp`1qG Rpp`5{2q{3G , (26)
where sδ represents the large-eddy simulation filter length. In Eqs. (24) and (26), the quantities
PG “ I1 ´ I2, QG “ 14pI1 ` I2q
2 ` 4pI5 ´ 12I1I2q, RG “
1
9pI3 ` 3I4q
2, (27)
are the tensor invariants of the gradient model [24],
τmodG “ CGsδ2psS2 ´ sΩ2 ´ psSsΩ´ sΩsSqq. (28)
Note that in contrast to the eddy viscosity models of Eqs. (22), (23), (24) and (25), this nonlinear
model can account for backscatter and nondissipative processes. A different nonlinear model is the
explicit algebraic subgrid-scale stress model (EASSM) [14], which can be written
τmodE “ 43CE
sδ2I1I ´ C1.75E sδ2γ1I1
C1.5E γ2I1 ´ γ3I2
a
I1 sS ´ CEsδ2γ4I1
C1.5E γ2I1 ´ γ3I2
psSsΩ´ sΩsSq, (29)
for numerical constants γi. Table 3 provides a summary of the behavior of the above subgrid-scale
models with respect to the model requirements discussed in Section 3. A detailed analysis of results is
omitted, but note that existing models do not necessarily satisfy all the desired properties.
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Table 2: Summary of the size of the flow algebra of the true subgrid dissipation Dτ , Eq. (16), and of
several quantities based on the tensor invariants of Eq. (5). PG, QG and RG, Eq. (27), are the three
principal invariants of the gradient model, Eq. (28). DG is its subgrid dissipation. Qn represents the
set of flow types for which the velocity gradient contains n zero elements. The total number of flows
(3D), and the number of locally two-dimensional (2D) flows, Eq. (15), are listed for reference. Results
provided here differ slightly from those of Vreman [6], because we assume the use of an isotropic filter.
Q0 Q1 Q2 Q3 Q4 Q5 Q6 Q7 Q8 Q9 Q0´9
3D flows 1 9 33 66 81 66 39 18 6 1 320
2D flows 3 6 12 6 1 28
Dτ 9 6 1 16
I1 1 1
I2 1 3 1 5
I3 6 18 18 6 1 49
I4 6 19 18 6 1 50
I5 1 3 1 5
I6 3 15 19 12 6 1 56
I1 ` I2 8 12 6 1 27
I5 ´ 12I1I2 3 7 12 6 1 29
PG 1 1
QG 6 6 1 13
RG 6 30 48 36 18 6 1 145
DG “ I3 ´ I4 6 20 18 6 1 51
Table 3: Summary of properties of several subgrid-scale models. The properties considered are S1,
S2, S3, S4: time, pressure, generalized Galilean, and rotation and reflection invariance; S5: scaling
invariance; S6: two-dimensional material frame-indifference; S7: time reversal invariance; P1: the
proper near-wall scaling behavior, Section 3.2; P2a: zero subgrid dissipation for laminar flow types;
P2b: possibly nonzero subgrid dissipation for nonlaminar flow types; P3a: zero subgrid dissipation for
2D flows, Section 3.3.2; P3b: zero subgrid dissipation for the pure axisymmetric strain; P4: consistency
with the second law of thermodynamics. A blank space indicates a dependence on the model constants.
*The dynamic procedure may restore these properties. **Depending on the value of the model
parameter, p. Not a single parameter can ensure that all properties are satisfied.
Smag. WALE Vreman QR S3PQR Grad. EASSM Ex. 1 Ex. 2
Eq. (22) (23) (24) (25) (26) (28) (29) (30) (31)
S1-4 Yes Yes Yes Yes Yes Yes Yes Yes Yes
S5* No No No No No No No No No
S6 Yes No No Yes Yes** No No Yes Yes
S7* No No No No Yes** Yes No Yes No
P1 No Yes No No Yes No No Yes Yes
P2a No No No Yes Yes** Yes No Yes Yes
P2b Yes Yes Yes No No No Yes No No
P3a No No No Yes Yes** Yes No Yes Yes
P3b No No No No No No No No Yes
P4 Yes Yes Yes Yes Yes** Yes Yes
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5 Examples of physically-consistent subgrid-scale models
In Section 3 we have seen how model requirements lead to constraints on the coefficients of the class
of nonlinear models, Eq. (7). We will now strive to find the functional dependence of the model
coefficients on the tensor invariants of Eq. (5) that satisfies these constraints. Here it is to be noted
that not all constraints can be satisfied simultaneously. As mentioned before, the model requirements
of Nicoud et al., Section 3.3.2, are incompatible with those of Vreman (in particular P2b). This is
because the former requirements are based on physical arguments that apparently do not match with
the mathematical properties of the turbulent stresses on which the latter are based. Furthermore,
no 2D MFI (S6) quantities were found that satisfy both of Vreman’s requirements, Section 3.3.1.
This may point to a limitation of assumption Eq. (2). It turns out that when compatible constraints
are combined the model coefficients are not fully determined. We thus obtain a class of what we
will call physically-consistent subgrid-scale models. As far as the symmetries of the Navier-Stokes
equations (S1-S7) and consistency with the second law of thermodynamics (P4) are concerned, this
class of models extends the result of [2] by inclusion of the rate-of-rotation tensor.
The simplest physically-consistent models that exhibit the proper near-wall scaling behavior (P1)
have coefficients that depend only on the invariants of the rate-of-strain tensor, I1 and I3, e.g.,
τmod “ c0sδ2 I43
I51
I ` c1sδ2 I33
I41
sS ` c2sδ2 I43
I61
T 12 ` c3sδ2 I23I31 T 13 ` c4sδ2 I
4
3
I61
psSsΩ´ sΩsSq ` c5sδ2 I3
I21
T 15. (30)
This model satisfies all the symmetries of the Navier-Stokes equations, apart from scale invariance (S5).
Consistency with the second law (P4) can be guaranteed by a proper choice of model constant c1.
In view of the requirements of Nicoud et al., Section 3.3.2, a possibly attractive model of eddy
viscosity type, Eq. (21), is based on I5 ´ 12I1I2,
νe “ pCsδq2aI1p12 ´ I5I1I2 q3{2. (31)
It has the desired near-wall scaling behavior (P1) and it vanishes only in flows that are locally
two-dimensional, or in a state of pure shear or pure rotation.
For comparison, the properties of these example models are summarized in Table 3.
6 Conclusions and discussion
We studied the construction of subgrid-scale models for large-eddy simulation of incompressible
turbulent flows, aiming to preserve important mathematical and physical properties of the Navier-
Stokes equations and the turbulent stresses. As a starting point, we assumed an isotropic constitutive
relation for the turbulent stresses in terms of the local filtered velocity gradient. From this we obtained
a class of nonlinear models, consisting of independent terms, that allow for a description of both
dissipative and nondissipative processes. We then discussed the symmetries of the Navier-Stokes
equations, and the near-wall scaling and dissipation behavior of the turbulent stresses, and derived from
them constraints on the coefficients of the class of nonlinear models. Looking to satisfy these constraints
by making the model coefficients depend explicitly on the local velocity gradient, we analyzed the
behavior of different functions of this quantity. From this we obtained a class of physically-consistent
models, of which we provided simple examples. For comparison several existing subgrid-scale models
were analyzed and it was noted that they do not all exhibit the desired properties.
A few remarks relating to our results are in place. First of all, we derived a class of subgrid-scale
models based on an assumption of locality of the turbulent stresses. It may turn out that nonlocal
effects are important and additional transport equations have to be considered to obtain accurate
results. Secondly, recall that scale invariance is not guaranteed for models that are based on the local
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velocity gradient alone. This warrants a detailed analysis of the symmetry preservation properties
of the dynamic procedure [17] and other techniques that provide estimates of the turbulent kinetic
energy and dissipation rate, like the integral length scale approximation [25]. These techniques may
also lift the problem that, apart from a bound for the amount of dissipation coming from the second
law of thermodynamics, the current model requirements do not provide information about the exact
values of model constants. Finally note that even some very successful models do not satisfy all of the
discussed requirements. Of course adaptations to these models can now be suggested, but perhaps
this observation can also motivate an assessment of the practical importance of each of the model
requirements.
In future research we will look to expand the set of model requirements, for instance by consideration
of realizability conditions for the turbulent stresses [26]. Also, we will further study the behavior of
the subgrid dissipation for exact solutions of the Navier-Stokes equations, and we propose to ensure
that the modeled subgrid force vanishes for such solutions. Finally, numerical tests of the proposed
physically-consistent models are planned.
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